One of the seemingly strongest constraints on the fraction of dark matter in the form of primordial black holes (PBH) of O(10) M relies on the merger rate inferred from the binary BH merger events detected by LIGO/Virgo. The robustness of these bounds depends however on the accuracy with which the formation of PBH binaries in the early Universe can be described. We revisit the standard estimate of the merger rate, focusing on a couple of key ingredients: the spatial distribution of nearest neighbours and the initial clustering of PBHs associated to a given primordial power spectrum. Overall, we confirm the robustness of the results presented in the literature in the case of a narrow mass function (which constrain the PBH fraction of dark matter to be f PBH 0.001 − 0.01). The initial clustering of PBHs may have an effect tightening the current constraint, but only for broad mass functions that extend over several decades.
Introduction
early Universe are not strongly affected by processes intervening between the times of formation and merger. Some approximations made in the initial estimate [44] were checked already one year later, in [48] , and found to be correct at the level of ∼ 30% each. The aforementioned bound has been recently confirmed in [49] , where its robustness was checked with respect to the effect of tidal fields of halos and interactions with other PBHs, dynamical friction by "standard" DM particles -see also [50] for a complementary study of the effect of DM particles-and, to some extent also, the effect of baryon accretion. It has also been claimed that considering a broadly distributed mass function (instead of assuming a very narrow one) does not alter appreciably the conclusion either [51, 52] .
In order to further investigate the robustness of this self-consistency test of the idea that DM could be in the form of stellar mass PBHs, we take a complementary path to the ones explored so far, aiming to check the reliability of the the merger rate calculation with respect to the statistical distribution of the initial orbital parameters. An obvious reason to pose this question is that all previous analyses have considered uniformly or randomly distributed PBHs whereas, in reality, some degree of clustering can be expected, given that PBHs are supposed to form from the collapse of large density fluctuations. This point has been briefly addressed in [52] with a parametric study, finding what appear to be potentially large effects. However, the actual impact of PBH clustering (and its dependence on the PBH formation mechanism) should be assessed in full depth, a task which we start tackling in this article.
As we will discuss, the formation of early PBH binaries -before the time of matter radiationequality-and the subsequent merger rate depend on the nearest neighbour statistics of PBHs -which determines the orbital semi-axis of the binary-and the next-to-nearest distribution too, which is responsible for the angular momentum (or, equivalently, the eccentricity) of the binary that forms; see [43, 44, 49, 50, 52] for earlier treatments of the problem.
This article is structured as follows: in Sec. 2, we summarize the basic formalism and the equations needed for linking the primordial input parameters to the PBH orbital elements and, eventually, the merger time. The reader with a professional knowledge of the literature can simply skim through this section, which also serves to set our notation. In Sec. 3, we provide a simple derivation of the probability distribution function (PDF) of PBH inter-distances in the early Universe. A more formal proof is reported in Appendix A. In Sec. 4, we describe the key aspects of the initial PBH clustering, focusing on its statistics. Finally, in Sec. 5 we discuss our findings, future perspectives and present our conclusions.
Binary PBH mergers
The relevant mechanism for the formation of PBH binaries was proposed more than twenty years ago in [44] (see also [48] ) and the merger rate estimate has recently been reviewed and refined, see e.g. [21, 43, 49] . For negligible initial velocities, the basic condition for the formation of a PBH binary is that the gravitational attraction between two PBHs dominates over the separating pull due to the expansion of the Universe. Neglecting all other influences, the two objects would end up in a heads-on collision. In reality, a perturbation with respect to this idealized situation induces an angular momentum, leading to the formation of a (usually highly eccentric) binary. Following arguments similar to the classical treatment of [53] , it can be shown that the leading role in generating the angular momentum is provided by the nearest PBH to the pair. The gravitational force between this PBH and the other two is subdominant, such that it does not end up forming a bound state with them. Already from these simple considerations, it seems reasonable to expect that the statistical properties of the possible configurations of three PBHs could have a quantitave effect on the merger rate of (early) PBH binaries. However, the original work of [44] as well as most of the subsequent works (e.g. [21, 43, 49] ) assumed that, initially, the PBHs are uniformly distributed in space. Clearly, a more general treatment that includes the statistics of the nearest and the next-to-nearest neighbours (NN and NtNN, respectively) for any PBH distribution is possible. Such an analysis is also instrumental in including the effect of the PBH clustering, as we will discuss below.
Let us start by reviewing the basic equations that characterize a PBH binary. It can be easily checked that the gravitational attraction between two approximately isolated PBHs dominates their dynamics if their average mass is above the background mass contained in a comoving sphere whose radius is equal to the separation between them. This can occur during the radiation epoch, due to the different scaling with time of the two competing effects (their mutual interaction versus the pull of expansion) in the equation of motion for their separation [49] . More quantitatively, and assuming that all the PBHs are of the same mass, M , two near-neighbour PBHs decouple from the Hubble flow during radiation domination provided that their comoving separation, x, approximately satisfies
where f PBH is the fraction of DM in the form of PBHs and the constant n is the average comoving number density of PBHs. Their decoupling from the background dynamics occurs at a redshift
where z eq 3400 is the redshift of matter-radiation equality and x is the initial comoving separation of the PBHs, assuming here and throughout negligible initial peculiar velocities. Therefore, given x and the PBH masses, the decoupling time is determined by the PBH distribution. The latter can be approximated with the abundance at PBH formation, assuming that accretion and evaporation are negligible before the epoch of binary formation. The geometry of the initial elliptical orbit is determined by two quantities, which can be chosen as the ellipticity and the semi-major axis of the binary. The latter, which we denote by a, is determined by z dec and x as follows:
where we have used that ρ PBH /f PBH = Ω DM ρ c is the current DM energy density and ρ c denotes the present critical density of the Universe. The approximation (2.3) reproduces well the result obtained numerically in [49] by solving the dynamical equation for the separation of the PBHs. Assuming that the angular momentum that induces the orbit is provided by a third PBH at an initial comoving distance y from the center of the binary progenitors, the ellipticity e is
where we have neglected an order one factor in front of the ratio (x/y) 6 . Clearly, e 1 for y x, which is the typical situation for standard PBH formation mechanisms, in which each Hubble patch is scarcely populated by PBHs when they form. Up to a (small) error of the order x/y, this also makes y essentially equal to both the distance to the binary center and to each of the binary constituents. The binary merges through the emission of gravitational radiation at a time t m after its formation, which can be estimated as [54] 5) where G N denotes Newton's gravitational constant. 2 At this point, the only missing ingredient that we need is the spatial distribution of PBHs. We can express the differential probability (per unit time) to form a binary system that will merge at a time t as follows:
The δ(t − t m (x, y)) ensures that the PBHs merge at the time t, and is defined via the eqs. (2.3), (2.4) and (2.5). The theta functions guarantee that (2.1) holds and that the NtNN distance, y, is larger than the distance to the NN, x. The effect of the clustering is encoded in the function Q(x, y), the PDF to find the NN at x and NtNN at y, which dimensionally scales as Q ∝ n 2 . The factor 1/2 accounts for the fact that each merger event involves a pair of PBHs. One can then rewrite
where the function functionỹ(t, x) is obtained by inverting t = t m (x, y). The rate (per unit volume) at the time t can then be obtained by direct integration, which thanks to the delta function reduces to:
Let us consider a statistically isotropic distribution of PBHs. Given a PBH, we are interested in the probability of its nearest neighbour (NN) and its next-to-nearest neighbour (NtNN) being located away from it between the distances x and x + dx (for the NN) and y and y + dy (for the NtNN), with y > x. This probability is of capital interest for the formation of binaries. Below we provide a justification for the expression of such a distribution Q(x, y) (see eqs. (2.6) and (2.7)) in terms of the two-point correlation function of PBHs, ξ(r) (i.e. the excess probability over random), see also [52] . A more formal and detailed discussion is provided in Appendix A. Let us first assume that ξ(r) = 0 for all r > 0 -and the same for all higher order correlation functions-and, therefore, the counting of PBHs is a spatial homogeneous Poisson process. There are two key properties of such a point process. First, the expected number of points -PBHs in our case-in a given region of space depends only on its volume; and second, the probabilities of finding any number of points in disjoint regions are independent of each other. Concretely, the probability that j PBHs occupy a region of comoving volume V is, by assumption,
and thus the expected number of PBHs in a volume V is just N = n V . Clearly, the probability that there are no PBHs in a ball of radius r and volume V r is simply given by p(0, V r ) = exp(−4πr 3 n/3). Using the assumption of independence of probabilities for disjoint regions, the probability that any PBH has its nearest neighbour at a distance between r and r + ∆r > r is given by the product
is the volume of the spherical shell of radius r and thickness ∆r. In the limit of ∆r → 0 we get that the (differential) probability of the NN being at a distance between r and r + dr is
which is nothing but Hertz's formula [55] . Similarly, the probability of having no PBH in the volume contained in between r and y > r is p(0, V y − V r ); and the probability of having a PBH at a distance between y and y + ∆y is just p(1, V ∆y − V y ). The joint (differential) probability distribution of having the NN at a distance between r and r + dr and the NtNN at a distance between y and y + dy (with all distances measured from a random PBH) is the product:
These expressions can be heuristically extended to the case of a non-zero correlation function by writing eq. (3.1) as p(j, V ) = N j exp(−N )/j! plus the replacement N → N = n V (1 + ξ). Then, the generalization of eq. (3.2) writes 4) and the function Q of (2.7) is
which we will use in the next section to compute the merger rate. In Appendix A, a more formal derivation of these results is provided, which essentially hold under the hypothesis of Gaussianity for the statistical properties of PBH spatial distribution.
It is worth noting that in some recent literature an approximation has been used: A flat spatial distribution with a sharp cut-off at
In the same flat distribution approximation as eq. (3.6), ref. [49] estimated the effect of tides due to neighbours farther away in altering the current merger rate. We checked that for the physically most interesting range f PBH ∼ 10 −3 eq. (3.6) leads to about a 30% underestimate of the present merger rate (t = 13.7 Gyr), while eq. (34) in ref. [49] accidentally comes quite close to the result obtained using eq. (3.5) . At values f PBH 10 −3 (which appear however excluded in the light of current constraints) the rate in [49] becomes up to two or three times higher than the rate computed according to eq. (3.6), suggesting that the corrections to eq. (3.5) due to PBH farther away may become of some importance for very abundant PBH configurations. These results are graphically reported in Fig. 1 .
PBH abundance and correlation function
In the previous section we derived an expression for the joint probability distribution function for the positions of the NN and the NtNN to any PBH, using the two-point correlation function, ξ(r), which is determined by both the PBH formation mechanism and the subsequent evolution under gravity. As it is customarily done, we neglect the evolution of the system of PBHs between the PBH formation and the binary formation (which make the estimates below probably conservative), and assume that the PBH formation mechanism is the collapse of large density fluctuations. To the best of our knowledge, this is the first time such a computation is explicitly performed, with the partial exception of an approximate and only parametric estimate presented in [52] .
The basic idea of PBH formation in a cosmological context is that, if the energy density on some scale exceeds a critical threshold, a PBH forms when that scale becomes comparable to the Hubble radius, with a mass that is (a fraction γ of) the mass within the Hubble horizon at that time. Numerical and analytical estimates of the efficiency of this process indicate that γ 1 and, for simplicity, we will adopt γ = 1. The mass M of a single PBH (when it forms) can be then parametrized in terms of the (comoving) scale R, which is the characteristic radius of the Hubble patch at formation time. In particular, for the illustrative calculations below, we assume the simplest and most widely used "recipe", namely that a PBH forms when the energy density (34) in ref. [49] . We consider PBHs of a common mass M = 30 M and we compute the merger rates at the present time (t = 13.7 Gyr), for an un-clustered case (ξ=0).
fluctuation smoothed over the distance scale R, δ R , is above a threshold δ c . In general, δ c depends on the equation of state of the medium and the shape of the fluctuation that triggers the collapse.
For the sake of simplicity we assume δ c = 0.45, which is commonly taken in the literature. Note that it has been recently argued [56, 57] that this procedure is too simplistic (with possible order of magnitude errors in the mass and especially the abundance of the PBHs produced) and should be replaced by more local and less universal criteria as far as the dependence from the primordial power spectrum is concerned (to be calibrated on numerical studies of PBH formation). Since we are interested in estimating the relative impact of including the effect of ξ(r) on the PBH binary formation, we will neglect these refinements, whose precise extent and implementation still needs to be clarified. However, we note that the study of these issues is of uttermost importance in assessing the viability of actual PBH production models, and the formalism below should be consider only as an approximate guidance to the actual phenomenon of the collapse. Assuming the basic model of PBH formation, the two-point correlation function of PBHs, ξ(r), is the excess probability over random of two fluctuations exceeding the threshold δ c at a (comoving) distance r of each other:
where
is the probability to exceed the threshold "at a point" (i.e. within a Hubble-sized patch, here considered pointlike), arbitrarily set as the origin of coordinates. We use p(δ(0) > δ c , δ(r) > δ c ) to denote the joint probability of finding a fluctuation above threshold at the origin and at a distance r from it; whereas p(δ(r) > δ c |δ(0) > δ c ) is the conditional probability of finding a fluctuation above threshold at distance r, given an existing one (also) above threshold at the origin. In general, since any probability is smaller or equal than 1, we have 1+ξ(r) ≤ P −1 1 ∀ r, as discussed in [58] . There, it has been further argued that since p(δ(r) > δ c |δ(0) > δ c ) = 1 if r = 0, then 1 + ξ(0) = P −1
1 . However, one must be careful with the (interpretation of the) extrapolation to very small scales: in fact, ξ(r) not only includes the correlation between a pair of distinct PBHs, but also the contribution to the autocorrelation of regions collapsing into a single PBH (so-called "self-pairs"), eventually assuming the limiting (Poisson noise) value of δ(r)/n at zero distance. The physically interesting "reduced" correlation function between distinct PBHs labelled by R only coincides with ξ(r) at scales 2R, being equal to −1 at smaller scales, since there is zero probability of finding two PBHs within a single patch (see [59] for further details on this specific point).
The smoothed density perturbation is most simply obtained in Fourier space, where it can be expressed as a convolution in terms of a conveniently chosen window function, W R (k), as follows: 3 Then, if the smoothed density contrast peaks at a comoving scale k ≡ 1/R, the mass-scale relation is
where g * is the number of the relativistic degrees of freedom at the time of formation, which in most models falls within the radiation domination epoch, and q ∼ O(0.1 − 1) depends on the choice of window function, e.g. q = 1 corresponds to a top-hat window function in k−space, and intermediate and lower factors correspond respectively to a Gaussian or a top-hat window function in real space. The above relation follows from writing
, where z R is the redshift at which the scale k = 1/R enters the Hubble "horizon" and the over-density collapses, ρ(z f ) is the background energy density at that time, and V (R) is the comoving collapsing volume, conventionally defined by the relation W R (0)V (R) = 1, which gives V (R) = 6π 2 R 3 for the top-hat window function in k−space. Incidentally, adopting the prescription described above for q = 1, we find a good agreement with the results of [56] for the resulting PBHs mass. In order to proceed further, let us assume that the fluctuations δ of the (radiation) background are Gaussian distributed, and described by a dimensionless spectrum P δ (k). Their smoothed variance over a scale R is then
and the cumulative fraction of the energy density collapsing into PBHs of mass above M is
where ν R ≡ δ c /σ R . Given P δ (k), the (radiation) density correlation function is: 5) such that ξ δ (0) = σ 2 R . Although implicit in the expression above, ξ δ depends also on redshift. If we denote with H = H(a) the Hubble parameter and a the scale factor of the Universe at a given epoch, the radiation spectrum P δ is determined by the spectrum of primordial fluctuations P ζ (which in most models is seeded by inflation):
The factor ∝ k 4 acts as an infrared cutoff in an equation like (4.5), suppressing the effect of superHubble modes. This was used in [58] to argue that the correlation function is negligible at scales larger than the Hubble scale at PBH formation. However, this is not necessarily true at later epochs, relevant for the formation of PBH binaries. The shape and amplitude of the primordial spectrum needs to comply with current CMB and large scale structure measurements. However, its shape can deviate from the standard power-law allowed by these observations at smaller scales, those relevant for the formation of the PBHs as well as intermediate ones. The scales of interest for PBH clustering re-enter the "horizon" well in the radiation phase and somewhat after the scales collapsing to PBHs. Moreover, scales of the order of the matter-radiation equality contribute but negligibly to ξ δ (r), whenever ξ δ (r) is much larger than its value at CMB scales. Therefore, in practice, the exact value of the infrared cutoff -say, at k eq or a few times above it-has little impact on the results. In other words, for the times relevant to the formation of binaries whose scale factor a binaries satisfies a(k PBH ) < a(1/r) ≤ a binaries < a(k eq ), the two-point correlation function can be computed approximately as
We can compute (4.1) explicitly in the Gaussian case, following [60] . The cumulative correlation function 4 for PBHs of mass above M is
where, following standard notation, we define w(r) ≡ ξ δ (r)/σ 2 R . Notice that whereas ξ δ is given by P δ (k), ξ is determined by the smoothed peaks of δ above a certain threshold. We identify it with the correlation function of PBHs, assuming it is a good proxy for it.
The last expression can be evaluated analytically in some limits. A compact formula which is exact in the limit ν −1 R → 0 has been recently presented in [58] :
This has the correct limiting behaviour at low and high r, and leads to errors not larger than O(10%) even when ν R 1. A commonly used approximation, known as Kaiser's bias [60] , which holds under the conditions w 1/ν 2
The latter equation is particularly transparent to interpret. It is equivalent to the statement that PBHs at sufficiently large scales -where ξ δ (r) is small enough-are highly biased tracers of the underlying density field, with linear bias factor ν R /σ R 1. Away from this limit, they are still tracers of the density field, but the link is non-linear and thus more complicated. Apart for the replacement of halos with PBHs, and matter era with radiation era, the analogy with the halo model formalism is rather evident. It has been discussed more in depth in [59] , to which we address the reader for further details.
As a concrete example, let us consider the idealized case of a monochromatic primordial power spectrum,
This choice should be considered as representative of a narrow power spectrum above a smooth, power-law power spectrum extending to large scales (and adequately fitting the CMB and large scale structure data). Note that in this limit the function w(r) is independent of R, as can be shown taking the ratio of (4.5) and (4.3), and simply equal to
If we additionally adopt a a top-hat window function in k−space, the limiting case of (4.11) also solves a technical complication, related to the cumulative nature of the mass function and the correlation function in their respective forms of eqs. (4.4) and (4.8). Indeed, the PBH mass function becomes monochromatic, with a mass given by M (k ζ ) for q = 1 in (4.2), and the cumulative nature of β R and ξ(r) reduce to the functions themselves for this single mass value. Note that for a Gaussian window function or a top-hat filter in real space, (4.11) would imply a broad mass distribution, with a sizable tail at low masses. 5 In the benchmark case that we adopt, the present PBHs abundance writes:
(4.13)
For definiteness, we choose the parameter N ζ and k ζ of the primordial power spectrum to obtain M = 30 M and f PBH = 10 −3 , corresponding to ν R = 6.8, in order to yield a predicted PBHs merger rate similar to the one estimated by LIGO/Virgo on the basis of the GW events observed so far. The PBH two point correlation function is shown in fig. 2 . The numerical integration of (4.8) and the analytical approximation (4.9) lead to undistinguishable curves, on the scale of this figure. At small distances, ξ is dominated by the auto-correlation term (called 1-halo term in the context of the halo model) responsible for the high-value plateau, while the correlation between different PBHs (the "2-halo term", or reduced correlation function) takes over at larger distances, r 2R, as expected. Since, as we shall show in a moment, the distances relevant for the formation of PBHs binaries are much larger than R, we can assume for simplicity that the reduced correlation function coincides with ξ(r) at the distances concerned. As explained in sec. 2, only PBHs separated by a distance smaller than x max can form a binary system. In the example under consideration, x max = 9.6 10 −4 Mpc R. Moreover, there is also a minimum separation x min for which the PBHs can form a binary and undergo merger rate at a time t. This corresponds to configurations of PBHs leading to almost circular orbits, e = 0.
Focusing on the present merger rate (t 14 Gyr) we find x min = 4 10 −5 Mpc, again R. Notice that the probability for the formation of a binary, and thus the merger rate in (2.8), is dominated by configurations of PBHs with the largest possible distances, simply because the volume of a spherical shell and therefore the probability to find a PBH, increases, at least below the scale d = (4πn/3) −1/3 . As shown in fig. 2 , at the relevant distances the correlation function is |ξ| 1, therefore the PBH population can be considered to be distributed almost homogeneously. A direct calculation of the merger rate including the PBH correlation function confirms this statement to sub-percent level. The same results hold for the stochastic GW background produced by the PBH mergers. In this case, one should integrate the GW signal produced by the merger of PBHs occurred at early times. We still find, in the example under consideration, that the clustering of PBHs is irrelevant up to very high redshift. These conclusions are not surprising: Looking at (4.7) and (4.8) it is easy to realize that for a narrow primordial power spectrum, like the one in (4.11), ξ is suppressed at distances r k −1 ζ . However, these results need not to hold true in general. For a very broad peak in the primordial power spectrum, a detailed computation requires accounting for the unavoidably extended PBH mass function, as well as a proper extraction of the reduced ("2-halo") PBH correlation function. Yet, one can quickly check that the linear approximation of (4.10) breaks down (with ξ attaining O(1) for ν R ≈ 7) at scales relevant for PBH binary formation if the peak extends by about two orders of magnitude in k−space, but still well below the scales probed by CMB and large scale structures. This suggests that in models predicting PBHs linked to broad bumps in the primordial power spectrum, the primordial clustering of the PBHs could have an important quantitative impact on the determination of the merger rate.
Conclusions
In this article, we have analyzed a couple of key ingredients entering the standard computations of primordial black hole (PBH) binary formation in the early Universe, going back to the seminal paper [44] . While refinement and clarification efforts were already initiated soon after that pioneering publication, see e.g. [48] , the problem of computing the merger rate accurately has become quite timely in the light of the GW events detected by LIGO/Virgo. It is in fact crucial in deriving what at face value appears to be the most severe constraint to the idea that these events may not only be due to PBHs, but actually come from a population accounting for the majority or the totality of the still unidentified dark matter (DM). According to standard prescriptions for the calculation of the rate of PBH binaries, the required PBH abundance is at most two or three orders of magnitude below the required amount to account for all the DM. This conclusion could mean a fatal blow to the aforementioned idea, since it comes from a self-consistency argument, as opposed to the other numerous constraints which invoke different type of physics, and are subject to their own and quite varied uncertainties and systematics.
Complementary to other recent efforts to assess the robustness of the merger estimate [48, 49] , we have discussed a couple of potentially important factors, namely the role played by: 1) the nearest neighbours distribution; 2) the details of PBH clustering, assuming a standard formation mechanism from the collapse of large density fluctuations. Our formalism thus allows to incorporate naturally the effect of the PBH clustering.
Concerning the former, we have put the discussion on firmer ground, including both a simple heuristic derivation of the probability distribution function in Sec. 3, and a more rigorous one in Appendix A. There, we correct some errors in the literature and also show the importance of assuming a Gaussian spatial distribution hypothesis in deriving the distance distributions commonly used.
There have been surprisingly few studies in the literature on the generic expectations for (not to speak of consequences of) the PBH clustering. The most notable exception, ref. [65] , concluded that the clustering of PBHs was so large that it would imply a significant impact on their merger rate, some consequences of which were worked out in [66] . In the light of our study, we disagree with such a conclusion which appears to have originated on mishandled extrapolations of some analytical formulae (notably eq. (21) in [66] , applied also at small r), as recently pointed out in [58] . However, we also disagree with [58] on the generic irrelevance of PBH clustering in the computation of observables such as their binary merger rate, whereas we agree in this sense with [59] . Our study suggests that the effect is negligible in the limit of a very narrow primordial spectrum feature (leading also to a very narrow PBH mass function), while in the case of broad excesses in the power spectrum the effect is potentially relevant and should be evaluated on a model-by-model basis.
Needless to say, a few important simplifications still exist in virtually all studies on the merger rate of PBH binaries, whose impact remains to be investigated. Let us mention a few:
• Non-linear evolution. Till now, the gravitational evolution of the system from the epoch of PBH formation until the epoch of binary formation has been neglected. In many respects, this is conservative, and one also expects it to be a satisfactory approximation for close to monochromatic PBH mass functions. Yet, for multi-scale problems characteristic of broad mass function models, which are also the ones for which the initial clustering effect is potentially most important, some non-trivial effects may exist, which (unfortunately) require a dedicated numerical simulation to be studied.
• Gaussianity. Another "elephant in the room" concerns the Gaussian approximation, done in almost all the studies. An important issue would be to assess the level of non-Gaussianity actually implied in realistic models of PBH formation. This is likely to affect importantly both the PBH abundance and their clustering, as recently argued in [67] .
• Toy-model recipes vs. numerical results. An actual validation of analytical recipes for PBH formation against numerical studies, which may also reveal some surprises, is still lacking. Some studies have done preliminary steps to tackle these problems [56, 57] , but the actual impact on phenomenological consequences remains to be investigated.
Definitely, even if the possibility that PBHs of tens of solar masses could account for the majority of the DM appears nowadays much more unlikely than a couple of years ago, this provocative idea has had (and will still have in the near future) a healthy effect in triggering studies clarifying fascinating cosmological aspects. If they exist, PBHs could serve as a probe of the early Universe at distance scales much smaller than those accessible with standard cosmological observations. Therefore, obtaning a quantitative precise understanding of their theoretical merger rate remains an attractive question to explore.
Note added
While this paper was being finalized, reference [59] appeared, describing e.g. the analogy with the halo model which we also discussed in our Sec. 4. As far as there is overlap between the two, we agree with them.
A Formal derivation of the NN and NtNN distributions
Let us illustrate in a more formal way under which hypothesis the relations reported in the main text, such as eq. (3.4) and eq. (3.5), hold. In the physics of many-body systems (for some general ref., see e.g. [68] ), one finds specialized literature on the topic of the first neighbour distribution in non-ideal fluids [69, 70] , which may serve as a starting point and benchmark comparison for our application to PBH. These calculations have also been extended to the second and higher order neighbour distributions in [71, 72] . These previously published higher order neighbour probabilities have a poor matching to numerically generated random distributions with ξ(r) = 0, as we checked with Monte Carlo studies both in one and two dimensions 7 . Below, we identify the mistake in [71] and derive the correct expression, eq. (A.21), which to the best of our knowledge appears here for the first time. The article [72] provides a continuum formulation of [71] from the beginning, and rewrites the results of [71] into a recursive form, which is fully equivalent to [71] . Our correction thus applies to this paper as well. For ease of comparison, we stick to the notation of [71] .
In general, one can define the ν particle density distribution, ρ ν , depending on the 3ν coordinates of the ν particles, such as that
gives the distribution function to simultaneously find one particle in the infinitesimal volume d 3 r 1 around r 1 , a second particle in the infinitesimal volume d 3 r 2 around r 2 , etc [68] . The integral over all the arguments and the whole volume obeys the normalization
It is also useful to introduce a discrete notation. For instance
where the brackets are ensemble averages over all configurations of the N particles in the system, occupying a volume V such that n = N/V . For a homogeneous system, ρ 1 (r) = n, with its integral over volume giving the number N of particles. In general, ρ ν has dimensions [n] ν . Similarly,
with ρ 2 (r, r ) ∝ (1+Ξ(r, r )), Ξ(r, r ) being the two point correlation function. In particular, by integrating ρ 2 over all (the five) coordinates other than the radial distance r between the particle of reference and a particle under consideration, one can define the function ρ * 2 (r),
r ij being the relative distance of the point i from j. When integrating the above expression over the whole volume, one obtains the total number of neighbours to a given particle, N − 1, since the integral of ρ * 2
gives N (N − 1), see eq. (A.2).
Similarly to the case of the two point correlation function, by integrating ρ ν over the extraneous coordinates, one can obtain in general the function of the ν − 1 radial distance variables ρ * ν (r 21 , . . . , r ν−1 ), whose dimension is [r]
1−ν . This has the advantage of making the following discussion less cluttered, although all the steps below could be rephrased in therms of the full ρ ν 's. Alternatively, one may think 7 We thank Hardi Veermäe for an independent check of this point.
of them as the one dimensional version of the whole problem (for one dimension, ρ * ν coincides to ρ ν apart for the fixing of the reference point).
We can now introduce a partition of G(r) into "neighbourship distribution", P (1, r), P (2, r), . . . P (N − 1, r) such that P (i, r) is the the probability that the i−th neighbour is found between r and r + dr. The following consistency sum rule holds: G(r) = P (1, r) + P (2, r) + . . . + P (N − 1, r) .
(A.7)
In particular, the explicit expression of the differential probability P (1, r), also denoted in the main text as P (NN, r) , writes in the discrete case as
Note the product factor, which ensures that all the other particles are outside the radius r: For a given configuration of points, the product over k makes sure that only one value of j out of the N − 1 is singled out (the nearest to i), annihilating all the others, so that the sum actually contains only N terms, and the function is correctly normalized as a probability. By using the identity
we can replace in eq. (A.8) to obtain
Note that we wrote each piece in brackets in terms of the same sums leading to the normalization coming from eq. (A.2), in order to easily extract the ρ * ν factors, which obviously share the same normalization. The factorials 8 at the denominator correct for the overcounting of terms implied from these multiple sums, and follow from the expansion of the product of binomials of the form (A.9). Since all other indices but the i, j ones are involved, one obtains (ν − 2)! Also note that the sum over ν extending up to N is only formal. In practice, for all systems to which this formalism is applied one has ρ * ν (r, . . .) → 0 at the relevant distances r above someν N . In the case of PBH of interest here, for instance, if we look at scales corresponding to distances a relevant for binary formation whose merger time is of O(14)Gyr, the maximum conceivable number of relevant neighbours for a primordial spectrum peaked at k ζ is of the order (ak ζ ) 3 , since one cannot pack more than one PBH per Hubble horizon at formation (and the actual number is probably much smaller than that). In microscopic systems such as liquids, short-distance intermolecular repulsion introduces a similar cutoff, as argued in [71] . Hence, a possibly large but actually finite number ν N of terms contributes sizably to the series in eq. (A.10).
In the large N limit, if the following condition holds for any finite ν ≥ 3 9 :
then eq. (A.10) can be rewritten by extracting the term ν = 2 out of the sum, collecting terms, and relabeling = ν − 1. Eq. (A.11) represents a "Gaussian" approximation, i.e. in terms of the ensembles values of the delta products, it tells that all connected distributions with ν > 2 are vanishing. One thus derives
Using condition (A.11) repeatedly, one can prove that
where h(r) is the primitive of G, i.e. dh/dr = G. We can then prove two identities:
• By taking the derivative of the function S(r) defined in eq. (A.12) and using eq. (A.13) we arrive (in the large N limit) at
( − 2)! G(r) = P (1, r) , (A.14)
hence P (1, r) = G(r) 1 − .2)), the steps above have the same starting and end-point than the derivation presented in [71] , and also correspond to the final result for P (1, r) in [72] . When moving to P (2, r ) (also denoted with P (NtNN, r ) in the main text), the differential probability of the second neighbour being between r and r + dr , ref. [71] actually argues by analogy: If we subtract P (1, r) from G(r), it leaves the pair distribution of all neighbours higher than the first, and P (2, r) then obeys an equation analogous to eq. (A.16), apart for the replacement G(r) → G(r) − P (1, r). Loosely speaking, subtracting from G(r) the differential distribution for the NN, the NtNN behaves as the new NN with respect to the subtracted distribution G(r) − P (1, r) i.e. P (2, r) = (G(r) − P (1, r)) exp − r 0 dx(G(x) − P (1, x) ) .
(A.17)
We find however that this heuristic argument is incorrect, and a different relation holds. Let us start from the definition of P (2, r ), the differential probability of the second neighbour being between r and r + dr , In the large N limit, a direct comparison with eq. (A.10) shows that the sum over at the last line is nothing but P (1, r ) − G(r ), hence deriving P (2, r) = P (1, r) The quantity we are interested to in the main text is Q(x, y), such that P (2, y) = y 0 Q(x, y)dx. It is immediate to check that eq. (A.21) is consistent with eq. (3.5) while eq. (A.17) reported in [71, 72] is not. The previous derivation can be obviously generalized to higher neighbourship distributions. As another consistency check, one can quickly verify that in the one dimensional case with ξ(r) = 0 the relation (A.7) is satisfied in the large-N limit. By direct calculation, one finds in fact P (1, r) = n e −nr , P (2, r) = n e −n r (n r) , . . . P (i, r) = n e −n r (n r) Note how the essential hypothesis for these relations to hold boils down to eq. (A.11), which also implies that in presence of non-Gaussianities the formalism requires substantial revision.
